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Abstract. This paper provides triangular spherical designs for the complex unit sphere Ωd by
exploiting the natural correspondence between the complex unit sphere in d dimensions and the real
unit sphere in 2d − 1. The existence of triangular and square complex spherical t-designs with the
optimal order number of points is established. A variational characterization of triangular complex
designs is provided, with particular emphasis on numerical computation of efficient triangular com-
plex designs with good geometric properties as measured by their mesh ratio. We give numerical
examples of triangular spherical t-designs on complex unit spheres of dimension d = 2 to 6.
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plex spheres, Brouwer degree theory, separation distance, covering radius, mesh ratio, quasi-uniform,
variational characterization, numerical integration
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1. Introduction. Uniform design that seeks design points uniformly distributed
over a domain is an important statistical problem with many industrial and scientific
applications [23]. For example, chemists and chemical engineers have used the uniform
design technique, uniformity of space-filling, to improve cost-efficiency, robustness and
flexibility of experimental works. For the regression problem, with a small number
of sampling points, a significant amount of information can be obtained for exploring
the relationship between the response and the contributing factors. Applications of
uniform design can be found in the textile, pharmaceutical, and fermentation indus-
tries, among others. See [31, 22] for details and a review on the topic [23] for the
underlying theory and applications. Different measures of uniformity are appropriate
for applications from statistics, numerical integration, minimum energy or geometry.
The construction of a uniform design depends critically on the domain and dimension.
In this paper, we concentrate on the complex spheres Ωd ⊂ Cd for dimension d ≥ 2.
For d = 1, Ωd is the unit circle in the complex plane and (a rotation of) the Nth roots
of unity are ideal.
In [20, 21, 27, 34, 45], researchers study uniformly random designs on 2 and 3-
dimensional spheres. Real spherical t-designs on Sd ⊂ Rd+1 for specific combinations
of t and d have been constructed based on an algebraic construction (i.e. using a group
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orbit) see for example [2]. However, there is only relatively limited work on higher
dimensional real spheres [2] or complex spheres, particularly for deterministic designs.
Motivated by analyzing complicated time series and circumventing the randomness
of a recently developed generalized multi-tapered time-frequency analysis tool [18],
we consider the uniform design problem on complex spheres of various dimensions.
For the complex sphere Ωd, triangular, square or rectangular complex designs can be
defined. In this paper, we concentrate on triangular complex t-designs on Ωd, which
have a natural correspondence with real spherical t-designs on S2d−1, d ≥ 2. The
aim is to provide sequences of efficient triangular complex t-designs (with the number
of points roughly the dimension of the polynomial space divided by 2d − 1) for the
complex unit sphere Ωd with good geometric properties, as measured by the mesh
ratio of the point set.
While the optimal order for the number of points N in a real spherical t-design has
been well studied [4], the existence of the optimal order designs and the leading order
term for complex spheres have not yet been considered. We generalize the existence
of real spherical t-designs [4] to the complex case by applying the Brouwer degree
theory and Marcinkiewicz-Zygmund type inequality on manifolds. Moreover, we offer
a deterministic triangular complex design scheme that is “uniform” and satisfies a
good numerical integration property for the complex sphere of any dimension. The
scheme is a generalization of a recently developed optimization algorithm used in [48]
for real spheres Sd, to find efficient spherical t-designs for Ωd, d ≥ 2, with low mesh
ratios.
The paper is organized as follows. In Section 2, we review existing results for real
spherical designs and the worst-case error for numerical integration. In Section 3, we
introduce the different types of spherical designs for complex spheres of any dimen-
sion. We provide a theoretical statement of the existence and the optimal order for
triangular and square complex spherical t-designs. In Section 4, we study the notions
of separation and covering and provide a one-to-one mapping between S2d−1 and Ωd,
which preserves the geometric features of the mapped point set. In Section 5, we
detail the numerical optimization scheme for quasi-uniform real spherical t-designs of
any dimension, which one can use to construct the triangular complex spherical t-
designs. In Section 6, we show the numerically constructed real spherical t-designs on
Sd for d = 3, 5, 7, 9, 11, which can be used to construct triangular complex t-designs on
Ωd for d = 2, 3, 4, 5, 6. Then, we utilize the constructed triangular complex t-designs
to illustrate the convergence for numerical integration on Ω2. In Section 7, we give
a brief discussion and conclusion. In Section 8, we give the detailed proofs of the
theoretical results in the previous sections.
2. Real spherical designs. The spherical design scheme is originated from
discrete geometry. The spherical design problem has been widely studied for various
purposes, including numerical integration, interpolation, regularization model, kernel-
based approximation, fast Fourier transforms, sparse signal recovery, and computation
of random fields. There are different notions of uniformly distributed points on the
sphere; for example, the energy minimizing points [40] (also called the solution for
Thomson problems) and equal area points [30, 35] are both uniformly distributed,
but in different senses. In this section, we summarize the notion of spherical design
and uniformity on the d-dimensional real unit sphere Sd ⊂ Rd+1.
A desirable property of the designed points on the sphere is that they reduce the
number of function evaluations in numerical integration; that is, we can sample a
limited number of points to obtain the integral of a polynomial with zero-loss.
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Definition 2.1 ([19]). Take t ∈ N. A finite subset X of the d-dimensional real
unit sphere Sd ⊂ Rd+1 is called a real spherical t-design if for any real spherical
polynomial p of degree at most t, we have
(2.1)
1
σ(Sd)
∫
Sd
p(x)dσ(x) =
1
|X|
∑
x∈X
p(x),
where dσ = dσd is the canonical Riemannian measure on Sd.
Note that if p(x) is a harmonic polynomial, then its integral is zero. Therefore,
an equivalent definition is that a set X ⊂ Sd is a real spherical t-design if
(2.2)
∑
x∈X
p(x) = 0
for all p(x) ∈ Harml(Rd+1), where 1 ≤ l ≤ t and Harmt(Rd+1) is the set of homoge-
neous harmonic polynomials of degree t on Rd+1 [19]. If the number of points N = |X|
is sufficiently large, there always exists a real spherical t-design on Sd, and the optimal
order is N = O (td). Moreover, if a spherical N -point t-design on Sd exists, then there
may exist multiple different (not related by rotation) such t-designs.
For the purpose of fast numerical integration, the real spherical t-designs perform
better than other kinds of designs, such as randomly uniformly distributed points,
equal area points [35, 30], Fekete points [41], Coulomb energy [40] points,1 log energy
points [40],2 generalized spiral points [3, 35] and distance points [13]. To quantify the
performance of numerical integration using a finite set of points XN = {x1, . . . ,xN},
where N ≥ 2, we may consider the p-th worst-case error (wce), where p > 0, defined
on the Sobolev space Hs := Hs(Sd) with the smoothness s > d/2 [13, 9]:
(2.3) wce(XN , p;Hs) := sup
f∈Hs
‖f‖Hs≤1
∣∣∣∣∣ 1N
N∑
i=1
f(xi)−
∫
Sd
f(x)dσ(x)
∣∣∣∣∣
p
.
Moreover, given p ≥ 1, for a point set XN , we define the strength s∗ = s∗p to be the
largest s > 0 such that
(2.4) (wce(XN , p;Hs))1/p = O(N−s/d) .
By [13, Theorem 7], for the set XRUN of N i.i.d. randomly uniformly distributed
points on the sphere (i.e. the points of XRUN are drawn independently with the uniform
distribution on Sd), its worst-case error for p = 2 satisfies
(2.5)
√
E [wce(XRUN , 2;Hs)] =
c(s, d)√
N
,
where the constant c(s, d) :=
√∑∞
`=1(1 + λ`)
−sZ(d, `) depends only on s and d, where
λ` = `(` + d − 1), ` ≥ 0, are the eigenvalues of the Laplace-Beltrami operator on Sd
and Z(d, `) is the dimension of the space of spherical harmonics of degree ` given by
1Coulomb energy points minimize the functional
∑
i,j=1,...,N, i 6=j
1
|xi−xj | , which is a classic but
open problem in electromagnetic dynamics.
2Log energy points minimize the functional
∑
i,j=1,...,N, i 6=j log
1
|xi−xj | .
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(5.4) below. The constant c(s, d) decays to zero as s → ∞. On the other hand, the
worst-case error for the real spherical t-design Xt-SDN has the upper bound
(2.6) wce(Xt-SDN , 1;Hs) = O
(
t−s
)
,
for any s > d/2 [7]. If we take N = O(td) (which is always achievable [4] and which we
use in the optimization in Section 5) for the real spherical t-design, we would obtain
the following optimal order bound:
(2.7) wce(Xt-SDN , 1;Hs) = O
(
N−s/d
)
,
for any s > d/2, where the big O is independent of N but may depend on s and d. We
call the number N = O(td) the optimal-order number for the real spherical t-designs.
By (2.7) and (2.5), for fixed s, the worst-case error of real spherical t-designs has higher
order convergence rate than the randomly uniformly distributed points. Furthermore,
for the randomly uniformly distributed points, by (2.5) and the Cauchy-Schwartz in-
equality, the strength is s∗2 = d/2 on average. On the other hand, the real spheri-
cal t-design have the strength of s∗1 = ∞. Thus, compared to randomly uniformly
distributed points, real spherical t-designs perform better for the equal weighted nu-
merical integration of smooth functions. The numerical evidence by Brauchart et
al. [13] shows that on S2, the strengths for the Fekete, equal area, Coulomb energy,
Log energy, generalized spiral, and distance are close to s∗ = 1.5, 2, 2, 3, 3, 4 respec-
tively. Thus, real spherical t-designs are also superior to these points for numerical
integration.
3. Complex spherical designs. For a complex number z in C, let |z| :=√
(Re z)2 + (Im z)2 be the modulus of z, where Re z and Im z are the real and imagi-
nary parts of z. Let i :=
√−1 be the imaginary unit. Let 〈u,v〉 := ∑dj=1 ujvj be the
Hermitian inner product of u,v ∈ Cd, where uj and vj are the jth components of u
and v, and vj is the complex conjugate of vj . Let ‖u‖ :=
√〈u,u〉 = √∑dj=1 |uj |2 be
the `2 norm of u ∈ Cd. For d ≥ 1, let
Ωd := {u ∈ Cd : ‖u‖ = 1}
be the complex (unit) sphere of Cd. Let distc(u,v) := arccos(Re 〈u,v〉) be the
geodesic distance between u and v in Ωd.
Spherical designs can also be defined on the complex sphere Ωd, see [37]. For
d ≥ 2, let µ := µd be the invariant Haar measure (and the normalized Lebesgue
measure, which is unique) on Ωd satisfying
∫
Ωd
dµ(u) = 1. The volume of Ωd is
(3.1) ωd :=
2pid
Γ(d)
,
where Γ is the Gamma function, see e.g. [38]. Let L2(Ω
d) := L2(Ω
d, µ) be the Hilbert
space of complex-valued square integrable functions on Ωd with respect to µ, and
inner product
〈f, g〉L2(Ωd) :=
∫
Ωd
f(u)g(u) dµ(u).
For d ≥ 2, let ∆ := ∑dj=1 ∂2∂uj∂uj be the Laplacian operator on Cd. A function f on
Cd is called harmonic if ∆f = 0. Let k, l ∈ N0. A polynomial p of u on Cd is called
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homogeneous of degree k if p is homogeneous of degree k in u, that is,
p(au) = akp(u) a ∈ C, u ∈ Cd.
A polynomial p of u on Cd is called homogeneous of degree (k, l) if p is homogeneous
of degree k in u and homogeneous of degree l in u, that is,
p(au) = akalp(u) a ∈ C, u ∈ Cd.
The restriction to Ωd of a homogeneous harmonic polynomial of degree (k, l) on Cd
is called a complex spherical polynomial of degree (k, l) on Ωd. Let Hk,l(Ωd) be the
space of all complex spherical polynomials of degree (k, l) on Ωd. The spaces Hk,l(Ωd)
and Hk′,l′(Ωd) are orthogonal for (k, l) 6= (k′, l′). The union (or the direct sum) of
Hk,l(Ωd) over all k, l ∈ N0 is dense in L2(Ωd), that is,
L2(Ω
d) =
∞⊕
k,l=0
Hk,l(Ωd).
The restriction to Ωd of a homogeneous harmonic polynomial of degree k on Cd is
called a complex spherical polynomial of degree k on Ωd. Let Ht(Ωd) be the space of
all complex spherical polynomials of degree at most t ≥ 0 on Ωd. Then,
Ht(Ωd) =
⊕
k+l≤t
Hk,l(Ωd).
The dimension of the space Hk,l(Ωd) is
Z
(d)
k,l :=
(d− 1)(k + l + d− 1)Γ(d+ k − 1)Γ(d+ l − 1)
(Γ(d))2Γ(k + 1)Γ(l + 1)
(3.2)
 (k + l + 1)(k + 1)d−2(l + 1)d−2,
where a`  b` for sequences {a`}∞`=0 and {b`}∞`=0 means that there exist constants
c, c′ > 0 such that c′a` ≤ b` ≤ ca` for all ` ≥ 0. Then, the dimension of Ht(Ωd) is
(3.3) M
(d)
t :=
∑
k+l≤t
Z
(d)
k,l =
(2d+ 2t− 1)Γ(2d+ t− 1)
Γ(2d)Γ(t+ 1)
=
2
Γ(2d)
t2d−1 +O (t2d−2) .
For more detailed discussion on complex spherical polynomials, see [17].
Definition 3.1. Let d ≥ 2 and k, l ∈ N0. A finite point set X ⊂ Ωd satisfying
(3.4)
∫
Ωd
g(z)dµ(z) =
1
|X|
∑
z∈X
g(z) ∀g ∈ Hk′,l′(Ωd), (k′, l′) ∈ T
with
1. T = {(k′, l′) ∈ N20 : k′ + l′ ≤ t} is a triangular complex spherical t-design
2. T = {0, 1, . . . , k}×{0, 1, . . . , l} is a rectangular complex spherical (k, l)-design
3. T = {0, 1, . . . , t} × {0, 1, . . . , t} is a square complex spherical t-design
for Ωd.
The rectangular and triangular complex spherical designs are related.
Remark 3.2. Fix d ≥ 1 and k, l ∈ N0.
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1. A triangular complex spherical (k+ l)-design is a rectangular complex spher-
ical (k, l)-design and (l, k)-design. Hence, a triangular 2t-design is automati-
cally a square t-design.
2. A rectangular complex spherical (k, l)-design is a triangular complex spherical
min{k, l}-design. Hence, a square complex t-design is a triangular complex
t-design.
3. A square complex spherical t-design for Ωd is equivalent to the notion of a
complex projective t-design [37, 26]. The projective t-designs are not only
discussed in complex space but also in quaternions H and octonions O [25].
X ∈ Ωd is called symmetric (antipodal) if x ∈ X ⇐⇒ −x ∈ X.
Remark 3.3. If k′ + l′ is odd and the point set X is symmetric, then (3.4) is
automatically satisfied as both sides are zero.
In this paper, we focus on triangular and square complex spherical t-designs on
Ωd. The following theorem shows that there exists a triangular complex t-design and
a square complex t-design with an optimal order number of points in Ωd in general.
We generalize the proof used in [4] to show the optimal order.
Theorem 3.4. Let Ωd be the unit complex sphere of Cd, d ≥ 1. Then, there exists
a constant Cd > 0 dependent only on d such that for each t ≥ 1 and any N ≥ Cdt2d−1,
there exists a triangular complex spherical t-design, with and N nodes, and the order
t2d−1 is optimal.
Remark 3.5. As a triangular 2t-design is a square t-design, Theorem 3.4 shows
that the optimal order of the square complex t-design is also C ′dt
2d−1. Note that the
constant C ′d for the square case satisfies C
′
d ≤ 22d−1Cd.
We postpone the proof to Section 8.2.
4. Notions of uniformity. In addition to the efficient numerical integration,
one natural question scientists might ask is how to design points over a sphere that
are “uniform” [39]? While they are good candidates, in general, the real spherical
t-designs might not be uniform on the sphere. Before we search for “uniform real
spherical t-designs”, we need to define the notion of uniformity on the sphere rigor-
ously. When d = 1, the nodes of the real spherical t-design are the roots of unity
(probably with a global rotation). To be precise, if we want to distribute N points
uniformly on S1, we can choose {ei(2pik/N+θ)}Nk=1 ⊂ S1, where θ ∈ [0, 2pi/N). When
d > 1, the answer is tricky. Specifically, the notion of “uniform” for a determinis-
tic point set is no longer unique, and there are several possible definitions, including
uniformity, quasi-uniformity and hyper-uniformity. Uniformity can be described by
Weyl’s formula: a set XN = {x1, . . . ,xN} ⊂ Sd is called uniformly distributed if for
any x ∈ Sd and r ∈ (0, pi/2),
(4.1) lim
N→∞
1
N
N∑
i=1
1C(x,r)(xi) =
σ(C(x, r))
σ(Sd)
,
where C(x, r) := {y ∈ Sd : arccos(x · y) ≤ r} is the spherical cap of radius r centered
at x ∈ Sd. This intuitively says that the number of points in any spherical cap
with the same radius is asymptotically the same. Equivalently, the uniformity can
be characterized by spherical cap discrepancy [8, 13, 29, 43]. The uniformity was
then generalized to hyper-uniformity, which allows characterizing the distribution of
determinantal point processes, as motivated by the statistical physics applications; we
refer the readers with the interest to [10, 11, 46, 47] for details.
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Quasi-uniformity [9, 32] is a measure of the geometric quality of a sequence of
point sets based both on the separation and the mesh norm of the point set.
Definition 4.1. Let XN := {x1, . . . ,xN} ⊂ Sd, where d ≥ 2 and N ≥ 2. The
separation distance of XN is defined as the minimal distance between the points of
XN ,
(4.2) δXN := min
1≤i,j≤N
i 6=j
distr(xi,xj) ,
where distr(·, ·) is the geodesic distance on Sd. The covering distance (which is also
called the mesh norm or fill distance) of XN is
(4.3) hXN := max
y∈Sd
min
1≤i≤N
distr(y,xi).
Finally, the mesh ratio of XN is
(4.4) ρXN := ρ(XN ) :=
2hXN
δXN
≥ 1.
The covering distance hXN is the minimal radius, for which identical spherical
caps with the points of XN as centers cover the whole sphere, while δXN /2 is the
radius for packing the sphere with non-overlapping spherical caps with centers in
XN .
Definition 4.2 ([12, 13, 48]). A sequence of point sets {XN} on Sd is C-quasi-
uniform if ρXN ≤ C for all point sets in the sequence, where C is independent of N
(but may depend on d).
Thus the closer the mesh ratio is to 1, the more “uniform” the point set is. While
there are several notions of uniformity, quasi-uniformity is computationally friendly,
as it relates the largest hole in the design to the separation of the points of the design.
By [9, Corollary 1.7], the covering radius of a real spherical t-design on Sd with
the optimal-order number of nodes, N = O (td), has the optimal-order bound
(4.5) hXt-SDN ≤ c/N1/d,
where the constant c depends only on the dimension d. By [12, 36], for N randomly
uniformly distributed points on Sd, asymptotically when N →∞ we have
(4.6) E
[
hXRUN
]

(
logN
N
)1/d
,
where the implied constant depends only on d. On the other hand, the separation of
the real spherical t-design can be arbitrarily small, since any rotation of a real spherical
t-design is again a real spherical t-design, and the union of two real spherical t-design’s
is a real spherical t-design. To have the mesh ratio of the spherical design bounded,
one needs to select from different real spherical t-design’s to ensure the points are
well separated. It is one of the key steps in the proposed spherical design scheme
introduced in Section 5.
For the complex spheres, in a similar way to the real case, the separation and
covering radii of a point set XN := {z1, . . . , zN} ⊂ Ωd are defined as
(4.7) δcXN := min
1≤i,j≤N
i 6=j
distc(zi, zj), h
c
XN := max
z∈Cd
min
1≤i≤N
distc(z, zi) ,
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and the mesh ratio is defined as
(4.8) ρcXN :=
2hcXN
δcXN
≥ 1.
Definition 4.3. A sequence of point sets {XN} ⊂ Ωd is C-quasi-uniform if there
exists a constant C such that ρcXN ≤ C for all point sets XN in the sequence.
To further study the relationship between the real spherical t-design and complex
spherical design, we consider the following mapping φR→C : S2d−1 7→ Ωd for d ≥ 2.
For j = 1, . . . , d, the real and complex parts of the jth component of φR→C(x) for
x ∈ S2d−1 are x2j−1 and x2j :
(4.9) (φR→C(x))j = x2j−1 + x2j i
where i2 = −1. The map φR→C is well-defined as |φR→C(x)|2 = |x|2 = 1. For a point
set XN := {x1, . . . ,xN} ⊂ S2d−1, we let φR→C(XN ) :=
(
φR→C(x1), . . . , φR→C(xN )
)
.
Note that the set XN is symmetric if and only if φ
R→C(XN ) is symmetric.
To study the quasi-uniformity for complex spheres, we have the following propo-
sition, which shows that φR→C preserves the separation, covering and mesh ratio. It
implies that if XN ⊂ S2d−1 is quasi-uniform, so is φR→C(XN ) ⊂ Ωd.
Proposition 4.4. Let φR→C be the mapping given by (4.9). Then
(4.10) δXN = δ
c
φR→C(XN ), hXN = h
c
φR→C(XN ), ρXN = ρ
c
φR→C(XN ).
We give the proof in Section 8.2.
We mention that the mapping φR→C in (4.9) preserves the distance. By evaluating
the `2 norm of a complex vector, we have
‖φR→C(x)− φR→C(y)‖2 = 2− 2Re(φR→C(x) · φR→C(y))
= 2− 2 cos(distc(φR→C(x), φR→C(y))) ,
where the distc(z, z
′) is the geodesic distance of z, z′ ∈ Ωd. By (4.9),
‖φR→C(x)− φR→C(y)‖2 = ‖x− y‖2 = 2− 2 x · y = 2− 2 cos(distr(x,y)) ,
where the distr(x,y) is the geodesic distance of x,y ∈ S2d−1. Then, for d ≥ 2, we
have
Re
(
φR→C(x) · φR→C(y)) = x · y
distc(φ
R→C(x), φR→C(y)) = distr(x,y),(4.11)
where x,y ∈ S2d−1, which establishes the claim.
5. Proposed Algorithm for Spherical Designs. We now introduce the pro-
posed deterministic spherical designs that are real spherical t-design, and hence tri-
angular complex spherical t-design, satisfying the quasi-uniformity. We exploit the
high-dimensional numerical optimization [1, 14, 15, 16, 48] to numerically implement
this real spherical design.
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5.1. Variational characteristics of real spherical t-design. We now give
an equivalent characterization of a real spherical t-design in terms of zonal kernel
functions.
Definition 5.1. Take a Hilbert space H with the inner product x ·y for x, y ∈ H.
A zonal (kernel) function K(x, y) is a mapping from H ×H to R that depends only
on the inner product of x · y.
For α, β > 0 and ` = 0, 1, . . . , let P
(α,β)
` (u), u ∈ [−1, 1] be the Jacobi polynomial
of degree ` with the weight wα,β(u) := (1 − u)α(1 + u)β . The Jacobi polynomials
P
(α,β)
` form an orthogonal system for the weighted L2 space L2(wα,β) on [−1, 1]. See
[44, Chapter 4] for details. For ` ≥ 0, the (normalized) Legendre polynomial (or
normalized ultraspherical or Gegenbauer polynomials) of degree ` for d ≥ 2 is the
normalized Jacobi polynomial of degree ` with the weight (1− u2) d−22 :
(5.1) P
(d+1)
` (u) =
P
( d−22 ,
d−2
2 )
` (u)
P
( d−22 ,
d−2
2 )
` (1)
, u ∈ [−1, 1].
The P
(d+1)
` (u), ` ≥ 0, form an orthogonal system with weight (1− u2)
d−2
2 on [−1, 1].
By [44, Theorem 7.32.1],
(5.2) |P (d+1)` (u)| ≤ 1, u ∈ [−1, 1].
For ` ≥ 0, the P (d+1)` (x · y), x,y ∈ Sd is a zonal function and satisfies the addition
theorem
(5.3)
Z(d,`)∑
m=1
Y`,m(x)Y`,m(y) =
Z(d, `)
σ(Sd)
P
(d+1)
` (x · y),
where Z(d, `) is the dimension of the space of spherical harmonics of degree ` given
by
(5.4) Z(d, `) = (2`+ d− 1) Γ(`+ d− 1)
Γ(d)Γ(`+ 1)
.
Note that asymptotically when `→∞, Z(d, `)  (`+ 1)d−1.
The following shows an equivalent characterization of real spherical t-design by a
radial basis function on the sphere. Let the radial basis function ϕ˜t(u) be a real-valued
polynomial on [−1, 1] of degree t with the expansion in terms of Legendre polynomials
(5.5) ϕ˜t(u) =
t∑
`=0
a`P
(d+1)
` (u), u ∈ [−1, 1],
where the coefficients a` :=
∫ 1
−1 ϕ˜t(u)P
(d+1)
` (u)(1 − u2)
d−2
2 du, ` = 0, . . . , t. In par-
ticular, a0 =
∫ 1
−1 ϕ˜t(u)(1− u2)
d−2
2 du. We let ϕt be the ϕ˜t subtracting the first term
(i.e. the constant term) in the Legendre expansion:
(5.6) ϕt(u) := ϕ˜t(u)− a0, u ∈ [−1, 1].
Proposition 5.2 ([42, 48]). For t ∈ N, let ϕt be a real-valued polynomial on
[−1, 1] of degree t with any sequence of coefficients satisfying a` > 0, ` = 1, . . . , t in
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the expansion (5.5). Then, the point set XN := {x1, . . . ,xN} ⊂ Sd is a real spherical
t-design if and only if
(5.7)
N∑
i=1
N∑
j=1
ϕt(xi · xj) = 0.
Example 5.3. An example of a zonal polynomial ϕt, which has a simple formula
and strictly positive coefficients a`, ` = 1, . . . , t, in the Legendre expansion is ([42] for
S2 and from [48] for Sd, d ≥ 3):
(5.8) ϕt(u) = P
( d2 ,
d−2
2 )
t (u)− 1, u ∈ [−1, 1],
where a` = Z(d, `) for ` = 1, . . . , t. The simple formula for ϕt in (5.8) provides a well-
scaled objective function which is easy to evaluate and differentiate for a numerical
optimization procedure to search for real spherical t-design with a large number of
nodes on Sd.
5.2. Numerical computation of triangular complex spherical designs.
From the above discussion, we can utilise real spherical t-designs on S2d−1 to find
triangular complex t-designs on Ωd for d ≥ 2. By Proposition 5.2, for a real spherical
t-design on S2d−1, ideally, one would solve the minimization problem
(5.9)
min
XN⊂S2d−1
ρ(XN )
Subject to Vt,N,ϕt(XN ) = 0
where XN := {x1, . . . ,xN} is a point set on S2d−1,
(5.10) Vt,N,ϕt(XN ) :=
1
N2
N∑
i=1
N∑
j=1
ϕt(xi · xj) ,
and ρ(XN ) is the mesh ratio of the point set XN given by (4.4). Note that there
are in total N(2d − 1) variables in (5.9). In fact, except for a measure zero subset,
x := (x1, . . . , x2d) ∈ S2d−1 can be parametrized by
x1 = cos(φ1),
xi = Π
i
j=1 sin(φj) cos(φi), i = 2, . . . , 2d− 1,(5.11)
x2d = Π
2d−1
j=1 sin(φj)
where φ1 ∈ [0, pi] and φ2, . . . , φ2d−1 ∈ [0, 2pi]. As both Vt,N,ϕt(XN ) and ρ(XN ) are
invariant to a rotation of the point set XN , the point set can be normalized so for
j = 1, . . . , 2d−1, the point xj has components j+1, . . . , 2d zero. Taking the rotation of
the point set on S2d−1 into account reduces the number of variables to (2d−1)(N−d)
(assuming N ≥ 2d) where we have taken account of the dimension d(2d−1) of rotation
matrix on S2d−1. Clearly, this is a large-scale non-linear optimization problem when
N is large. In the following, we focus on some key issues of the numerical solution of
(5.9). One complicating factor is that ρ(XN ) contains max-min factors producing a
non-smooth function.
The number N of nodes of the real spherical t-design on S2d−1 determines the
difficulty of the optimization problem: the fewer, the easier the optimization is. How-
ever, to satisfy the definition of real spherical t-design, N cannot be as small as we
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wish. A lower bound N∗t for N was established in [19] using the property of spherical
harmonics:
(5.12) N∗t :=

2
(
2d+ k − 1
2d− 1
)
, for t = 2k + 1 is odd,(
2d+ k − 1
2d− 1
)
+
(
2d+ k − 2
2d− 1
)
, for t = 2k is even.
This means that a real spherical t-design on S2d−1 must contain at least N∗t points
where N∗t =
22−2d
Γ(2d) t
2d−1 +O (t2d−2).
In general, the minimization problem (5.9) for a real spherical t-design with N∗t
nodes (which is called tight real spherical t-design) does not always have a solution as
on S2d−1, d ≥ 2,real spherical t-design with N∗t nodes exist for a few small values of t
[2]. Thus, one has to use more than N∗t points to obtain a feasible problem (5.9). By
[19, 42], the condition (5.7) with positive coefficients a`, ` = 1, . . . , t, is equivalent to
the equations
(5.13) r`,m(XN ) :=
N∑
j=1
Y`,m(xj) = 0, m = 1, . . . , Z(2d− 1, `), ` = 1, . . . , t,
where Z(2d− 1, t) is given by (5.4). Then, there are ∑t`=1 Z(2d− 1, `) = Z(2d, t)− 1
conditions. To solve (5.9), the number of free parameters (2d− 1)(N − d) generically
should be at least the number of conditions. Thus, we can use N̂t points for the
spherical t-design, where
N̂t :=
⌈
1
2d− 1
(
(2t+ 2d− 1) Γ(t+ 2d− 1)
Γ(2d)Γ(t+ 1)
− 1
)
+ d
⌉
(5.14)
=
2
(2d− 1)Γ(2d)
(
t2d−1 + (2d2 − 2d+ 12 )t2d−2 +O
(
t2d−3
))
.(5.15)
In the numerical optimization problem (5.9), we can use the spherical parametrization
of N̂t points on S2d−1. To find a feasible point satisfying the spherical design constraint
Vt,N,ϕt(XN ) = 0 to high accuracy per se is a challenging problem.
We may further take the symmetry of S2d−1 into account. As any symmetric point
set XN satisfies
∑N
i=1 Y`,m(xi) = 0 for all odd degree ` ≥ 1 and m = 1, . . . , Z(2d−1, `).
The number of constraints from the even degree polynomials are
∑(t−1)/2
`=1 Z(2d −
1, 2`) = Γ(t+2d−1)Γ(2d)Γ(t) − 1, where t is odd. We can then use N t points, where
N t := 2
⌈
1
2d− 1
(
Γ(t+ 2d− 1)
Γ(2d)Γ(t)
− 1
)
+ d
⌉
(5.16)
=
2
(2d− 1)Γ(2d)
(
t2d−1 + (2d2 − 3d+ 1)t2d−2 +O (t2d−3)) .(5.17)
The numerical optimization uses the spherical parametrization of N t/2 points, with
the symmetry constraints XNt = [XNt/2 −XNt/2] used in the evaluation of the spher-
ical design constraints and objective in (5.9). See [48] for details.
Note that the optimal order leading terms t2d−1 in (5.15) and (5.17) are the same
with coefficient 2/((2d − 1)Γ(2d)) < 1. The imposition of symmetry only makes a
difference in the coefficient of t2d−2. However for fixed t, the optimization problem
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for a symmetric point set has roughly half the number of variables and half the number
of constraints.
By [5] and (4.5), a sequence of real spherical t-designs for S2d−1 with the optimal
order for the number of points and good mesh ratio always exists.
The optimization can proceed as follows. Fix d, t ∈ N, and select N ∈ N (for
example N = N̂t). The algorithm is composed of two steps, which may need to be
repeated using different starting points:
(Step 1) Find a feasible point for (5.9) by mininizing Vt,N,ϕt(XN ) with an
appropriate initial point set.
(Step 2) If the feasible point is not isolated use it as a starting point to solve
(5.9).
Finding an initial point set with low mesh ratio for minimizing (5.9) is critical. One
option is to use an initial set of points with good geometry, for example, equal area
points for S2d−1 and d ≥ 2. The large-scale minimization problem (5.9) is difficult as
there typically are many local minima with Vt,N,ϕt(XN ) > 0, so XN is not a spherical
design.
Here, we find a feasible point for (5.9) such that Vt,N,ϕt(XN ) = 0 by using the
zonal polynomial to evaluate Vt,N,ϕt(XN ) and its gradients with respect to the spheri-
cal parametrization of XN . Note that there is a concise formula for zonal polynomials,
see Example 5.3. As in [48] the variational form can be expressed as a strictly positive
sum of squares Vt,N,ϕt(XN ) =
1
N2 r
TDr where D is a diagonal matrix with positive
elements on the diagonal.3 If t, d are such that the terms inside the ceiling functions
in (5.14) or (5.16) are integers, so the number of points is such that the number of pa-
rameters exactly matches the number of constraints, and the Jacobian of r is full rank,
then the Hessian of Vt,N,ϕt(XN ) is positive definite and a point with Vt,N,ϕt(XN ) = 0
(equivalently r = 0) is isolated. Typically, there are still many isolated feasible points
with different mesh ratios ρ(XN ). If the term inside the ceiling functions is not an
integer, then there are some degrees of freedom which we can use to minimize the
mesh ratio.
6. Numerical Examples. Figures 6.1 and 6.2 show the features of a symmetric
real spherical 23-design on S3 (or equivalently Ω2) with 1, 184 nodes, which is obtained
by solving (5.9) with the zonal polynomial in (5.8). The stereographic projection of
the point set from S3 to R3 using the pole e1 = (1, 0, 0, 0)T is shown in the Figure 6.1.
The left panel in Figure 6.2 shows the 700, 336 ordered inner products, the largest of
which gives the cosine of the separation distance. The right panel shows the 7, 192
ordered circumradii of the facets of the design, the largest of which gives the covering
radius.
Tables 6.1–6.5 show some real spherical t-designs with good mesh ratios on Sd, d =
3, 5, 7, 9, 11 from Womersley4 5 [48]. They are used to construct triangular complex
spherical t-designs on Ωd for d = 2, 3, 4, 5, 6.
Tight triangular complex t-designs on Ωd exist only for certain small values of t,
see [2] for the real case. In particular any pair of antipodal points is a tight triangular
complex 1-design for Ωd with separation angle pi, covering radius pi/2 and mesh ratio
1. A regular simplex of N = 2d + 1 points on Ωd is a tight triangular complex 2-
3On S2, (5.13) provides a better form of the variational function (5.9) as the sum of square
structure can be exploited. However, spherical harmonics corresponding to higher dimensions are
difficult to compute.
4https://web.maths.unsw.edu.au/∼rsw/Sphere/EffSphDes/S3SD.html
5https://web.maths.unsw.edu.au/∼rsw/Sphere/EffSphDes/SdSD.html
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Fig. 6.1. Symmetric real spherical 21-design on S3 with 1184 nodes used for Ω2: Stereographic
projection of the nodes onto R3 with (1, 0, 0, 0) as the pole.
Fig. 6.2. Symmetric real spherical 23-design on S3 used for Ω2, with 1, 184 nodes. Left: 700, 336
sorted inner products between nodes with the largest giving the cosine of the separation distance of
the design is 0.2139. Right: Sorted 7, 192 facet circumradii, largest giving the covering radius of the
design is 0.2113.
design on Ωd with mesh ratio 2 cos−1(1/2d)/ cos−1(−1/2d). Also, the cross-polytope
with the N = 4d points ±ej ,±iej , j = 1, . . . , d on Ωd is a tight triangular complex
3-design on Ωd. As this is an antipodal point set, it is only necessary to establish
that complex polynomials in Hk,l for k + l = 2 are integrated exactly. For this point
set the separation distance is pi/2 and the covering radius is cos−1(1/
√
2d), giving a
mesh ratio of (4/pi) cos−1(1/
√
2d).
As an example of numerical integration by triangular complex spherical t-design
on Ω2 consider the integrand f(x) = 1/|x− x0|2, x ∈ Ω2. For |x0| > 1 the integrand
is in C∞(Ω2). Here x0 = (1 + i, 1 + i), so |x0|2 = 4. The exact value of the integral∫
Ω2
1
|x− x0|2 dµ(x) =
1
|x0|2 .
Figure 6.3 shows the absolute value of the integration error∣∣∣∣∣ 1N
N∑
i=1
f(xi)−
∫
Ω2
f(x) dµ(x)
∣∣∣∣∣ =
∣∣∣∣∣ 1N
N∑
i=1
f(xi)− 1|x0|2
∣∣∣∣∣
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Fig. 6.3. Error of numerical integration vs degree t (left) and number of points N (right) for
x0 = (1 + i, 1 + i) on Ω2 by symmetric triangular complex spherical t-designs for odd t, t ≤ 31.
for triangular complex spherical t-design with t up to 31, where the triangular com-
plex spherical t-design is constructed from the real symmetric spherical t-designs in
Table 6.1. It is clear the error for numerical integration of f(x) by triangular complex
spherical t-design is around 10−9 ∼ 10−12 for t > 21. It illustrates that triangular
complex spherical t-design in Table 6.1 can provide precise estimate for integral over
the complex sphere.
Table 6.1
Triangular complex spherical t-designs on Ω2 from real symmetric spherical t-designs on S3
Degree t N Vt,N,ϕt Separation Mesh Norm Mesh Ratio
1 4 0.00e+00 1.57080 1.57080 2.0000
3 8 -1.73e-17 1.57080 1.04720 1.3333
3 10 -2.58e-16 1.31812 0.97760 1.4833
5 28 9.18e-17 0.83340 0.73031 1.7526
7 60 -1.12e-16 0.63236 0.56564 1.7890
9 114 -1.40e-16 0.48633 0.45479 1.8703
11 194 -2.20e-16 0.41258 0.38599 1.8711
13 308 -1.13e-16 0.34535 0.32204 1.8650
15 458 -2.74e-17 0.29137 0.28774 1.9751
17 650 -7.36e-17 0.26493 0.25837 1.9505
19 890 -5.54e-17 0.23885 0.23797 1.9927
21 1184 6.63e-17 0.21389 0.21131 1.9759
23 1538 -2.50e-16 0.19990 0.19515 1.9524
25 1954 -2.04e-17 0.17949 0.17776 1.9808
27 2440 -8.24e-18 0.16878 0.16625 1.9701
29 3000 1.66e-14 0.15742 0.15450 1.9628
31 3642 5.06e-15 0.14612 0.14621 2.0013
7. Discussion and Conclusion. We propose new uniform designs on the com-
plex unit sphere Ωd, which are efficient in that they have a low number of points
to integrate complex spherical polynomials of a given degree and have good geo-
metric properties as measured by their mesh ratio. Their theoretical properties are
summarized, and the associated optimization procedure detailed. We also provide a
theoretical justification of the existence of the triangular complex spherical t-designs
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Table 6.2
Triangular complex spherical t-designs on Ω3 from real symmetric spherical t-designs on S5
Degree t N Vt,N,ϕt Separation Mesh Norm Mesh Ratio
3 12 -7.40e-17 1.57080 1.15026 1.4646
5 56 -1.89e-16 0.93591 0.84189 1.7991
7 192 -2.15e-17 0.65646 0.67378 2.0528
9 522 -5.50e-17 0.51711 0.55463 2.1451
11 1208 6.64e-18 0.40373 0.46572 2.3071
Table 6.3
Triangular complex spherical t-designs on Ω4 from real symmetric spherical t-designs on S7
Degree t N Vt,N,ϕt Separation Mesh Norm Mesh Ratio
3 16 2.22e-16 1.57080 1.20943 1.5399
5 102 -1.40e-18 0.89818 0.92098 2.0508
7 498 2.17e-16 0.63925 0.73368 2.2954
and square complex spherical t-designs with the optimal order number of points.
This exploration led to several interesting theoretical problems. The smallest co-
efficient c such that a spherical t-design on Ωd exists for all N ≥ c t2d−1 is not known,
cf. (5.15) and (5.17). In particular do triangular complex t-designs exist on Ωd with N
given by (5.14) or (5.16) for all t and d ≥ 2? A variational characterization of rectan-
gular complex (k, l) designs and associated optimization approach may provide extra
freedom, although it is unlikely to provide designs with special symmetry properties.
The symmetric real spherical t-design approach provides a real spherical t-design on
the real projective space RP d. A natural question to ask is if it is possible to construct
a real spherical t-design over more general space with symmetry or quotient structure
or even a general manifold. Directly solving the optimization problem (5.9), which is
both nonconvex and nonsmooth, is an intriguing challenge.
8. Proofs. In this section we give the detailed proofs of previous results.
8.1. Proof for Theorem 3.4. We now prepare some notations for the proof of
Theorem 3.4. Let Pt be the Hilbert space of harmonic polynomials on Ωd of degree
at most t such that ∫
Ωd
P (z) dµ(z) = 0
for all P ∈ Pt equipped with the usual inner product
〈P,Q〉 :=
∫
Ωd
P (z)Q(z) dµ(z).
By the Riesz representation theorem, for each point z ∈ Ωd, there exists a unique
polynomial Gz ∈ Pt such that
〈Gz, Q〉 = Q(z) for all Q ∈ Pt.
Then, the set of points z1, z2, · · · , zN ∈ Ωd forms a complex (k, l)-design if and only
if
Gz1 + · · ·+GzN = 0.
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Table 6.4
Triangular complex spherical t-designs on Ω5 from real symmetric spherical t-designs on S9
Degree t N Vt,N,ϕt Separation Mesh Norm Mesh Ratio
3 20 -3.79e-16 1.57080 1.24905 1.5903
5 170 1.03e-16 0.95756 0.96636 2.0184
Table 6.5
Triangular complex spherical t-designs on Ω6 from real symmetric spherical t-designs on S11
Degree t N Vt,N,ϕt Separation Mesh Norm Mesh Ratio
3 24 1.62e-17 1.57080 1.27795 1.6271
5 260 9.02e-16 0.94163 1.00814 2.1413
Let ∇ be the gradient on Ωd: for z = (z1, . . . , zd),
∇f(z) = (f1(z), . . . , fd(z)), fk = ∂f(z)
∂zk
− zk
d∑
j=1
zj
∂f(z)
∂zj
, k = 1, . . . , d.
Define an open subset B of the vector space Pt by
(8.1) B :=
{
P ∈ Pt
∣∣∣ ∫
Ωd
|∇P (z)| dµ(z) < 1
}
.
Then, the boundary of B is
∂B :=
{
P ∈ Pt
∣∣∣ ∫
Ωd
|∇P (z)| dµ(z) = 1
}
.
We define the mapping L : (Ωd)N → Pt by
(z1, · · · , zN )→ Gz1 + · · ·+GzN .
The main recipe to prove the main Theorem 3.4 is the following lemma about the
Brouwer degree theory.
Lemma 8.1 ([33, Theorems 1.2.6 and 1.2.9]). Let f : Rn → Rn be a continuous
mapping and D an open bounded subset with boundary ∂D such that 0 ∈ D ⊂ Rn. If
〈x, f(x)〉 > 0 for all x ∈ ∂D, then there exists x ∈ D satisfying f(x) = 0.
Suppose we can find a continuous mapping F : Pt → (Ωd)N , where, F (P ) :=
(z1(P ), · · · , zN (P )), such that for all P ∈ ∂B, there holds
N∑
i=1
P (zi(P )) > 0 .
When such F exists, if we set the composition mapping
(8.2) f := L ◦ F : Pt → Pt ,
by applying Lemma 8.1 by letting D = B and using the identity
〈P, f(P )〉 =
N∑
i=1
P (zi(P ))
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for each P ∈ Pt, we would obtain Theorem 3.4. Clearly, the problem boils down to
constructing such F .
We now explicitly construct function F for eachN ≥ Cdtd. To achieve that, we ex-
tensively use the following notion of an area-regular partition. Let R = {R1, · · · , RN}
be a finite collection of closed set Ri ⊂ Ωd such that ∪Ni=1Ri = Ωd and µd(Ri∩Rj) = 0
for all 1 ≤ i < j ≤ N . The partition norm for R is defined by
‖R‖ := max
R∈R
diam(R),
where diam(R) := maxu,v∈R distc(u,v) stands for the diameter of the set R, which is
the geodesic distance of the two most-distant points in R.
Lemma 8.2. Let Ωd be the d-dimensional complex sphere for d ≥ 1. For each
N ∈ N, there exists an area-regular partition R = {R1, R2, · · · , RN} of Ωd with
‖R‖ < BdN− 12d−1 , where Bd is a constant which depends only on d.
Proof. By [6, 28], there exists an area-regular N -partition R′ on S2d−1 with
‖R′‖ < B′dN−
1
2d−1 , where B′d is a constant depending only on d. We use (4.9) to
map this partition from S2d−1 to Ωd. By Proposition 4.4, the geometric properties
of the partition are preserved, thus, the corresponding N -partition R on Ωd satisfies
‖R‖ < B′dN−
1
2d−1 .
We need to use the following Marcinkiewicz-Zygmund type inequality, which is a
special case of [24, Theorem 5.1].
Lemma 8.3. Fix m ∈ N. For η ∈ (0, 1), there exists a constant rd depending
only on d such that for each area-regular partition R = {R1, . . . , RN} of Ωd with
‖R‖ < rd/m, each set of N points xi, with xi ∈ Ri for i = 1, . . . , N , and each complex
spherical polynomial P of total degree m on Ωd, we have the Marcinkiewicz-Zygmund
type inequality
(1− η)
∫
Ωd
|P (z)| dµ(z) ≤ 1
N
N∑
i=1
|P (zi)| ≤ (1 + η)
∫
Ωd
|P (z)| dµ(z).
With this Lemma, we have the following result.
Corollary 8.4. For each area-regular partition R = {R1, · · · , RN} of Ωd with
‖R‖ < rdm+1 , each collection of N points xi where xi ∈ Ri, i = 1, . . . , N , and each
complex spherical polynomial P ∈ Hm(Ωd),
1
3
√
d
∫
Ωd
|∇P (z)| dµ(z) ≤ 1
N
N∑
i=1
|∇P (zi)| ≤ 3
√
d
∫
Ωd
|∇P (z)| dµ(z).
Proof. For a polynomial P , the modulus of its gradient at z = (z1, . . . , zd) ∈ Ωd
is
|∇P (z)| =
√√√√ d∑
k=1
|Pk(z)|2,
where for k = 1, . . . , d,
Pk(z) :=
∂P (z)
∂zk
− zk
d∑
j=1
zj
∂P (z)
∂zj
,
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which is a polynomial of degree up to m+ 1. In the following, we use the inequality
1√
d
d∑
k=1
|Pk(z)| ≤ |∇P (z)| ≤
d∑
k=1
|Pk(z)|, x ∈ Ωd,
and the Marcinkiewicz-Zygmund type inequality in Lemma 8.3. Then,
1
N
N∑
i=1
|∇P (zi)| ≤
d∑
k=1
1
N
N∑
i=1
|Pk(zi)| ≤
d∑
k=1
(1 + η)
∫
Ωd
|Pk(z)| dµ(z)
≤ 3
√
d
∫
Ωd
|∇P (z)| dµ(z),
where we use η = 1/2 in the final inequality. On the other hand,
1
N
N∑
i=1
|∇P (zi)| ≥ 1√
d
d∑
k=1
1
N
N∑
i=1
|Pk(zi)|
≥ 1− η√
d
d∑
k=1
∫
Ωd
|Pk(z)| dµ(z) ≥ 1
3
√
d
∫
Ωd
|∇P (z)| dµ(z),
thus completing the proof.
We are ready to construct F explicitly. For d, t ∈ N, take
(8.3) Cd >
(
54dBd
rd
)2d−1
,
where Bd is the constant in Lemma 8.2 and rd is defined in Lemma 8.3, and fix
(8.4) N ≥ Cdt2d−1.
Then, we can construct the mapping F : Pt → (Ωd)N so that f defined in (8.2)
satisfies the assumption of Lemma 8.1. By Lemma 8.2, we can take an area-regular
partition R = {R1, · · · , RN} with
‖R‖ ≤ BdN− 12d−1 < rd
54dt
.
We then choose an arbitrary xi ∈ Ri for each i = 1, · · · , N . Put  = 16√d , and consider
the function
(8.5) h(u) :=
{
u if u > ,
 otherwise.
Taking a mapping U : Pt × Ωd → Cd such that
(8.6) U(P,u) :=
∇P (u)
h(|∇P (u)|) .
For each i = 1, · · · , N , let ui : Pt× [0,∞)→ Ωd be the map satisfying the differential
equation
(8.7)
d
ds
ui(P, s) = U(P,ui(P, s))
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with the initial condition
ui(P, 0) = zi
for each P ∈ Pt. Since U(P,u) ≤ 1 for (P,u) ∈ Pt × Ωd, the equation in (8.7) has a
solution. Finally, put
F (P ) = (z1(P ), · · · , zN (P )) :=
(
u1
(
P,
rd
3t
)
, · · · ,uN
(
P,
rd
3t
))
.
That is, we construct F by moving the arbitrarily chosen xi to the “right place” via
the dynamics (8.7).
Lemma 8.5. Let F : Pt → (Ωd)N be the mapping defined by above equation and
B the open set of polynomials given by (8.1). Then, for each P ∈ ∂B,
1
N
N∑
i=1
P (zi(P )) > 0.
For each P ∈ ∂B, by definition we have∫
Ωd
|∇P (z)| dµ(z) = 1.
To simplify the notation, we write ui(s) in place of ui(P, s). By the Newton-Leibniz
formula, we have
1
N
N∑
i=1
P (zi(P )) =
1
N
N∑
i=1
P (ui(rd/3t))
=
1
N
N∑
i=1
P (zi(P )) +
∫ rd/3t
0
d
ds
[
1
N
N∑
i=1
P (ui(s))
]
ds.(8.8)
We now need to estimate the quantities∣∣∣∣∣ 1N
N∑
i=1
P (zi)
∣∣∣∣∣ and dds
[
1
N
N∑
i=1
P (ui(s))
]
.
For each s ∈ [0, rd/3t], we have∣∣∣∣∣ 1N
N∑
i=1
P (zi)
∣∣∣∣∣ =
∣∣∣∣∣
N∑
i=1
∫
Ri
(P (zi)− P (z)) dµ(z)
∣∣∣∣∣ ≤
N∑
i=1
∫
Ri
|P (zi)− P (z)| dµ(z)
≤ ‖R‖
N
N∑
i=1
max
z∈Ωd:distc(z,zi)≤‖R‖
|∇P (z)|,
where dist(z, zi) denotes the geodesic distance between points z and zi in Ω
d. Hence,
for z∗i ∈ Ωd such that dist(z∗i , zi) ≤ ‖R‖ and
|∇P (z∗i )| = max
z∈Ωd:distc(z,zi)≤‖R‖
|∇P (z)|,
we obtain ∣∣∣∣∣ 1N
N∑
i=1
P (zi)
∣∣∣∣∣ ≤ ‖R‖N
N∑
i=1
|∇P (z∗i )|.
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Consider the extended area-regular partition R′ = {R′1, · · · , R′N} defined by R′i =
Ri ∪ {z∗i }. Then,
(8.9) ‖R′‖ ≤ 2‖R‖ and ‖R′‖ < rd/(27dt) .
Applying Corollary 8.4, we obtain that
(8.10)
∣∣∣∣∣ 1N
N∑
i=1
P (zi)
∣∣∣∣∣ ≤ 3√d ‖R‖
∫
Ωd
|∇P (z)| dµ(z) < rd
18
√
dt
.
Now, using (8.5), by a direct bound, we have
d
ds
[
1
N
N∑
i=1
P (ui(s))
]
=
1
N
N∑
i=1
|∇P (ui(s))|2
h(|∇P (ui(s))|)
≥ 1
N
∑
i:|∇P (ui(s))|≥
|∇P (ui(s))| ≥ 1
N
N∑
i=1
|∇P (ui(s))| −  .
For each yi(s) ∈ Ωd, by (8.6) and (8.7),
(8.11)
∣∣∣∣dui(s)ds
∣∣∣∣ ≤ |∇P (ui(s))|h(|∇P (ui(s))|) ≤ 1.
Then, with the mean value theorem,
(8.12) dist(zi,ui(s)) = dist(ui(0),ui(s)) ≤ s.
For each s ∈ [0, rd/3t], let R′′i = Ri ∪ {yi(s)} and consider the extended area-regular
partition R′′ = {R′′1 , . . . , R′′N}. Using (8.12), the norm of R′′ is bounded by
‖R′′‖ < rd
54
+
rd
3t
.
We can then apply Corollary 8.4 with R′′ to obtain for each P ∈ ∂B and s ∈ [0, rd/3t],
d
ds
[
1
N
N∑
i=1
P (ui(s))
]
≥ 1
N
N∑
i=1
|∇P (ui(s))| − 1
6
√
d
≥ 1
3
√
d
∫
Ωd
|∇P (z)| dµ(z)− 1
6
√
d
=
1
6
√
d
,
where  = 1
6
√
d
is used. This together with (8.8) and (8.10) give
1
N
N∑
i=1
P (zi(P )) >
1
6
√
d
rd
3t
− rd
18
√
dt
= 0,
thus completing the proof.
8.2. Proofs for Section 4.
Proof of Proposition 4.4. For the separation distance, by (4.11),
δcφR→C(XN ) = min
1≤i,j≤N
i 6=j
distc(φ
R→C(xi), φR→C(xj)) = min
1≤i,j≤N
i 6=j
distr(xi,xj) = δXN .
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For the covering distancee, since for any y ∈ S2d−1, φR→C(y) ∈ Ωd, then,
hcφR→C(XN ) = maxz∈Cd
min
1≤j≤N
distc(z, φ
R→C(xj))
≥ max
y∈S2d−1
min
1≤j≤N
distc(φ
R→C(y), φR→C(xj))
≥ max
y∈S2d−1
min
1≤j≤N
distr(y,xj) = hXN .(8.13)
Since φR→C is a surjective mapping from S2d−1 to Ωd, for each z ∈ Ωd, there exists a
point y0 ∈ S2d−1 such that z = φR→C(y0). Then, by (4.11) again,
min
1≤j≤N
distc(z, φ
R→C(xj)) = min
1≤j≤N
distc(φ
R→C(y0), φR→C(xj))
= min
1≤j≤N
distr(y0,xj).(8.14)
Taking the maximum of the left hand side of (8.14) over z ∈ Ωd gives
hcφR→C(XN ) = maxz∈Cd
min
1≤j≤N
distc(z, φ
R→C(xj))
= max
y0∈S2d−1
z=φR→C(y0)
min
1≤j≤N
distr(y0,xj) ≤ hXN .
This and (8.13) give hcφR→C(XN ) = hXN . We thus complete the proof.
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